Abstract. The aim of the present paper is to provide a global presentation of the theory of special Finsler manifolds. We introduce and investigate globally (or intrinsically, free from local coordinates) many of the most important and most commonly used special Finsler manifolds : locally Minkowskian, Berwald, Landesberg, general Landesberg, P -reducible, C-reducible, semi-C-reducible, quasi-C-reducible,
Introduction
In Finsler geometry all geometric objects depend not only on positional coordinates, as in Riemannian geometry, but also on directional arguments. In Riemannian geometry there is a canonical linear connection on the manifold M, while in Finsler geometry there is a corresponding canonical linear connection, due to E. Cartan, which is not a connection on M but is a connection on π −1 (T M), the pullback of the tangent bundle T M by π : T M −→ M (the pullback approach). Moreover, in Riemannian geometry there is one curvature tensor and one torsion tensor associated with a given linear connection on the manifold M, whereas in Finsler geometry there are three curvature tensors and five torsion tensors associated with a given linear connection on π −1 (T M). Most of the special spaces in Finsler geometry are derived from the fact that the π-tensor fields (torsions and curvatures) associated with the Cartan connection satisfy special forms. Consequently, special spaces of Finsler geometry are more numerous than those of Riemannian geometry. Special Finsler spaces are investigated locally (using local coordinates) by many authors: M. Matsumoto [16] , [18] , [15] , [14] and others [6] , [19] , [8] , [7] . On the other hand, the global (or intrinsic, free from local coordinates) investigation of such spaces is very rare in the literature. Some considerable contributions in this direction are due to A. Tamim [24] , [25] .
In the present paper, we provide a global presentation of the theory of special Finsler manifolds. We introduce and investigate globally many of the most important and most commonly used special Finsler manifolds : locally Minkowskian, Berwald, Landesberg, general Landesberg, P -reducible, C-reducible, semi-C-reducible, quasi-C-reducible, P * -Finsler, C h -recurrent, C v -recurrent, C 0 -recurrent, S v -recurrent, S vrecurrent of the second order, C 2 -like, S 3 -like, S 4 -like, P 2 -like, R 3 -like, P -symmetric, h-isotropic, of scalar curvature, of constant curvature, of p-scalar curvature, of s-pscurvature.
The paper consists of two parts, preceded by a preliminary section ( §1), which provides a brief account of the basic concepts of the pullback approach to Finsler geometry necessary to this work. For more detail, the reader is referred to [1] , [3] , [5] and [24] .
In the first part ( §2), we introduce the global definitions of the aforementioned special Finsler manifolds in such a way that, when localized, they yield the usual local definitions current in the literature (see the appendix). The definitions are arranged according to the type of the defining property of the special Finsler manifold concerned.
In the second part ( §3), various relationships between the different types of the considered special Finsler manifolds are found. Many local results, known in the literature, are proved globally and several new results are obtained. As a by-product of some of the obtained results, interesting identities and properties concerning the torsion tensor fields and the curvature tensor fields are deduced, which in turn play a key role in obtaining other results.
Among the obtained results are: a characterization of Riemannian manifolds, a characterization of S v -recurrent manifolds, a characterization of P -symmetric manifolds, a characterization of Berwald manifolds (in certain cases), the equivalence of Landsberg and general Landsberg manifolds under certain conditions, a classifica-tion of h-isotropic C h -recurrent manifolds and a presentation of different conditions under which an R 3 -like Finsler manifold becomes a Finsler manifold of s-ps curvature. The above results are just a non-exhaustive sample of the global results obtained in this paper.
It should finally be noted that some important results of [8] , [9] , [11] , [13] , [19] , [20] ,...,etc. (obtained in local coordinates) are immediately derived from the obtained global results (when localized).
Although our investigation is entirely global, we conclude the paper with an appendix presenting a local counterpart of our global approach and the local definitions of the special Finsler spaces considered. This is done to facilitate comparison and to make the paper more self-contained.
Notation and Preliminaries
In this section, we give a brief account of the basic concepts of the pullback formalism of Finsler geometry necessary for this work. For more details refer to [1] , [3] , [5] and [24] . We make the general assumption that all geometric objects we consider are of class C ∞ . The following notations will be used throughout this paper: M: a real differentiable manifold of finite dimension n and of class C Elements of X(π(M)) will be called π-vector fields and will be denoted by barred letters X. Tensor fields on π −1 (T M) will be called π-tensor fields. The fundamental π-vector field is the π-vector field η defined by η(u) = (u, u) for all u ∈ T M. The lift to π
The tangent bundle T (T M) is related to the pullback bundle π −1 (T M) by the short exact sequence 0
where the bundle morphisms ρ and γ are defined respectively by ρ = (π T M , dπ) and γ(u, v) = j u (v), where j u is the natural isomorphism j u :
Let ∇ be a linear connection (or simply a connection) in the pullback bundle π −1 (T M). We associate to ∇ the map
K(X) = 0} of the horizontal vectors at u ∈ T M is called the horizontal space to M at u . The connection ∇ is said to be regular if
If M is endowed with a regular connection, then the vector bundle maps
are vector bundle isomorphisms. Let us denote β = (ρ| H(T M ) ) −1 , then
For a regular connection ∇ we define two covariant derivatives 1 ∇ and 2 ∇ as follows: For every vector (1)π-form A, we have
The classical torsion tensor T of the connection ∇ is defined by
The horizontal ((h)h-) and mixed ((h)hv-) torsion tensors, denoted respectively by Q and T , are defined by
The classical curvature tensor K of the connection ∇ is defined by
The horizontal (h-), mixed (hv-) and vertical (v-) curvature tensors, denoted respectively by R, P and S, are defined by
We also have the (v)h-, (v)hv-and (v)v-torsion tensors, denoted respectively by R, P and S, defined by
Such a connection is called the Cartan connection associated to the Finsler manifold (M, L).
One can show that the torsion T of the Cartan connection has the property that T (X, η) = 0 for all X ∈ X(π(M)) and associated to T we have:
[25] Let ∇ be the Cartan connection associated to (M, L). The torsion tensor field T of the connection ∇ induces a π-tensor field of type (0, 3), called the Cartan tensor and denoted again T , defined by :
It also induces a π-form C, called the contracted torsion, defined by : 
-The horizontal and vertical Ricci maps Ric 
-The horizontal and vertical scalar curvatures Sc h , Sc v are defined respectively by:
, where R and S are respectively the horizontal and vertical curvature tensors of ∇. One can show, in this case, that G = βoη, and G is thus horizontal with respect to the Cartan connection ∇. 
Special Finsler spaces
In this section, we introduce the global definitions of the most important and commonly used special Finsler spaces in such a way that, when localized, they yield the usual local definitions existing in the literature (see the Appendix). Here we simply set the definitions, postponing investigation of the mutual relationships between these special Finsler spaces to the next section. The definitions are arranged according to the type of defining property of the special Finsler space concerned.
Throughout the paper, g, g, ∇ and D denote respectively the Finsler metric in π −1 (T M), the induced metric in π −1 (T * M), the Cartan connection and the Berwald connection associated to a given Finsler manifold (M, L). Also, T denotes the torsion tensor of the Cartan connection (or the Cartan tensor) and R, P and S denote respectively the horizontal curvature, the mixed curvature and the vertical curvature of the Cartan connection.
(a) Riemannian if the metric tensor g(x, y) is independent of y or, equivalently, if (a) Berwald [24] if the torsion tensor T is horizontally parallel. That is,
(b) C h -recurrent if the torsion tensor T satisfies the condition
where λ o is a π-form of order one.
(c) P * -Finsler manifold if the π-tensor field ∇ βη T is expressed in the form
and C 2 := g(C, C) = C(C) = 0; C being the π-vector field defined by g(C, X) = C(X). 
where µ and τ are scalar functions satisfying µ + τ = 1, = g − ℓ ⊗ ℓ and ℓ(X) := L −1 g(X, η).
(b) C-reducible if dimM ≥ 3 and the Cartan tensor T has the form
(c) C 2 -like if dimM ≥ 2 and the Cartan tensor T has the form
, where dimM ≥ 3, is said to be quasi-Creducible if the Cartan tensor T is written as :
where A is a symmetric indicatory (2) π-form (A(X, η) = 0 for all X). 
and the vertical curvature tensor S(X, Y , Z, W ) has the form :
where
where λ is a π-form of order one.
(b) S v -recurrent of the second order if the v-curvature tensor S satisfies the condition
where Θ is a π-form of order two. 
is said to be P -symmetric if the mixed curvature tensor P satisfies
, where dimM ≥ 3, is said to be P 2 -like if the mixed curvature tensor P has the form :
where α is a (1) π-form (positively homogeneous of degree 0).
where δ is a (1) π-form satisfying δ(øη) = 0.
, where dimM ≥ 3, is said to be :
where F is the (2)π-form defined by
}.
Relationships between different types of special Finsler spaces
This section is devoted to global investigation of some mutual relationships between the special Finsler spaces introduced in the preceding section. Some consequences are also drawn from these relationships.
We start with some immediate consequences from the definitions: (a) A Locally Minkowskian manifold is a Berwald manifold.
(h) A Finsler manifold of constant curvature is of scalar curvature.
The following two lemmas are useful for subsequent use.
Lemma 3.1. [25] For every øX, øY ∈ X(π(M)), we have:
Lemma 3.2. If φ is the vector π-form defined by
where ℓ is the π-form given by ℓ(X) = L −1 g(X, η), then we have:
As we have seen, a Landsberg manifold is general Landsberg. The converse is not true. Nevertheless, we have
Proof. Since (M, L) is a C-reducible manifold, then, by Definition 2.4, Lemma 3.2, the symmetry of and the non-degeneracy of g, we get
where øC is the π-vector field defined by g(øC, øX) := C(øX). Taking the h-covariant derivative ∇ βøZ of both sides of the above equation, we obtain
from which, by setting øZ = øη and taking into account the fact that ∇ βøZ = 0 and that ∇ βøZ φ = 0 ( Lemma 3.2), we get
Now, under the given assumption that the (M, L) is a general Landsberg manifold, then ∇ βøη C = 0 (Definition 2.8) and hence ∇ βøη øC = 0. Hence ∇ βøη T = 0 and the result follows.
Also, a Berwald manifold is Landsberg. The converse is by no means true, although we have no counter-examples. Finding a Landsberg manifold which is not Berwald is still an open problem. Nevertheless, we have
Combining the above two Propositions, we obtain the more powerful result :
Summing up, we get:
The following assertion are equivalent :
We retrieve here a result of Matsumuoto [15] , namely Corollary 3.7. If the h-curvature tensor R and hv-curvature tensor P of a Creducible manifold vanish, then the manifold is Locally Minkowskian.
Remark 3.8. [15] It may be conjectured that a Finsler manifold will be Minkowskian
if the h-curvature tensor R and hv-curvature tensor P vanish. As above seen the conjecture is verified already under somewhat strong condition " C-reducibility".
Applying the h-covariant derivative ∇ βøW on both sides of the above equation, taking into account the fact that (∇ βøW T )(øX, øY, øZ) = g((∇ βøW T )(øX, øY ), øZ) and that ∇ βøW = 0, we obtain
From which, by setting øW = øη and noting that P (øX, øY )øη = (∇ βøη T )(øX, øY ), the result follows.
is a P -reducible manifold, then by Definition 2.11, taking into account the fact that g is nondegenerate, we obtain
where øζ is the π-vector field defined by g(øζ, øX) := δ(øX). Since δ(øη) = 0, then T r{øY −→ δ(øY )φ(øX) + (øX, øY ) øζ} = 2δ(øX). Taking the trace of both sides of (3.2), using the fact that P (øX, øY )øη = (∇ βøη T )(øX, øY ) (Lemma 3.1) and that T r{øY −→ (∇ βøη T )(øX, øY )} = (∇ βøη C)(øX), we get
Now, from Equations (3.2) and (3.3), we have
According to the given assumption that the manifold is general Landsberg, then ∇ βøη C = 0. Therefore, from (3.4), we get P (øX, øY )øη = 0 and hence the manifold is Landsberg.
Proposition 3.10.
Proof. The proof is straightforward and we omit it.
Proposition 3.11. A C 2 -like Finsler manifold is a Berwald manifold if, and only if
, the π-tensor field C is horizontally parallel.
C(øX)C(øY )øC. Taking the h-covariant derivative of both sides, we get
In view of this relation, ∇ βøZ T = 0 if, and only if, ∇ βøZ C = 0. Hence the result.
Corollary 3.12. A C 2 -like general Landsberg manifold is a Landsberg manifold.
In view of the above Theorems, we have:
Corollary 3.13. The two notions of being Landsberg and general Landsberg coincide in the case of C-reducibility, P -reducibility, C 2 -likeness or P * -Finsler.
As we know, a C-reducible Landsberg manifold is a Berwald manifold (Proposition 3.4 ). Moreover, A C 2 -like Finsler manifold is a Berwald manifold if, and only if, the π-tensor field C is horizontally parallel (Proposition 3.11). We shall try to generalize these results to the case of semi-C-reduciblity. 
Taking the h-covariant derivative of both sides, noting that ∇ βøX = 0, we get
Now, if the characteristic scalar µ and the π-tensor field C are horizontally parallel, then ∇ βøW T = 0 and (M, L) is a Berwald manifold.
Conversely, if (M, L) is a Berwald manifold, then ∇ βøX T = 0 and hence ∇ βøX C = 0, ∇ βøX øC = 0. These, together with the above equation, give
The following lemmas are useful for subsequent use
Substituting these two equations into (3.5), noting the property that g(T (∇ W øX, øY ), øZ) = g(T (∇ W øX, øZ), øY ) (cf. §1), the result follows. 
Proof.
(a) The hv-curvature tensor P can be written in the form [25] :
Then, by using P (øX, øY ) = (∇ βøη T )(øX, øY ) (Lemma 3.1) and the C h -recurrence condition, we get 
Then, (b) follows from the above two equations.
Then, the v-curvature tensor S is recurrent with respect to the h-covariant differentiation : ∇ βøX S = θ(øX)S, where θ is a π-form of order one.
Proof. One can easily show that : For all X, Y, Z ∈ X(T M),
Setting X = γøX, Y = γøY and Z = βøZ in the above equation, we get
Using Lemma 3.15 and the fact that T(γøX, γøZ) = 0, the above equation reduces to
From which, since g(T (øX, øY ), øZ) = g(T (øX, øZ), øY ), we have
Similarly, g(S(øX, øY )øW, øZ) = g((∇ γøY T )(øX, øW ), øZ) − g((∇ γøX T )(øY, øW ), øZ)+ +g(T (øX, øZ), T (øY, øW )) − g(T (øY, øZ), T (øX, øW )).
The above two equations, together with Lemma 3.16, yield
By (3.6) and (3.7), we obtain S(øX, øY, øZ, øW ) = g(T (øX, øW ), T (øY, øZ)) − g(T (øY, øW ), T (øX, øZ)). (3.8)
Now, using the given assumption that the manifold is C h -recurrent, Equation (3.8) implies that øV ) ). = 2λ o (øX)S(øY, øZ, øV, øW ) =: θ(øX)S(øY, øZ, øV, øW ).
Hence, the result follows. 
(c) the vertical scalar curvature Sc v has the form Proof. One can show that: For all X, Y, Z ∈ X(T M),
By using Lemma 3.15, the above relation reduces to (∇ βøZ S)(øX, øY, øW ) + (∇ γøY P )(øZ, øX, øW ) − (∇ γøX P )(øZ, øY, øW )+ +S(P (øZ, øY )øη, øX)øW − S(P (øZ, øX)øη, øY )øW + +P (T (øY, øZ), øX)øW − P (T (øX, øZ), øY )øW = 0.
(3.10)
Setting øZ = øη in the above equation, taking into account Lemma 3.1 and the fact that T (øX, øη) = 0 and that (∇ γøX P )(øη, øY, øZ) = −P (øX, øY )øZ, we get P (øX, øY )øZ = P (øY, øX)øZ − (∇ βøη S)(øX, øY, øZ).
The result follows immediately from (3.11).
According to (3.11) and Lemma 3.1, we have :
Corollary 3.23. Let P (øX, øY ) := P (øX, øY )øη and T (øX, øY ) := (∇ βøη T )(øX, øY ).
Then the π-tensor fields P and T are symmetric. Setting øZ = øη and using the fact that T (øX, øη) = 0 and that K o γ = id X(π(M )) , the result follows. (c) Setting X = γøX, Y = γøY and Z = γøZ in (3.9) and using Lemma 3.15, we get S øX,øY,øZ (∇ γøX S)(øY, øZ, øW ) = 0. Again, setting øW = øη in the above equation and using the fact that S(øX, øY )øη = 0 and that K o γ = id X(π(M )) , the result follows. 
(øX, øZ)−T (øY, T (øX, øZ))+T (T (øY, øX), øZ)+T (øX, T (øY, øZ)).
The result follows from the above two equations, using Corollary 3.19 and the symmetry of T .
As a direct consequence of the above lemma, we have the Corollary 3.26. A P 2 -like Finsler manifold is P -symmetric.
Proof. Taking the v-covariant derivative of both sides of the relation in Corollary 3.19(b) and, then, using the assumption that ∇ γX T = λ 0 (X)T , we get (∇ γøX S)(øY, øZ, øV, øW ) = 2λ o (øX)S(øY, øZ, øV, øW ) =: ψ(øX)S(øY, øZ, øV, øW ), which shows that S is v-recurrent. Now, setting øV = øη in the last equation, using the properties of S and noting that K o γ = id X(π(M )) , we conclude that S = 0.
The following result gives a characterization of Riemannian manifolds in terms of C v -recurrence and C 0 -recurrence.
Theorem 3.28.
, from which, by setting øX = øη and noting that ∇ γøη T = −T , we get
(3.12)
But since (∇ γøX T )(øY, øZ) = (∇ γøY T )(øX, øZ) (Corollary 3.19), then λ o (øX)T (øY, øZ) = λ o (øY )T (øX, øZ). Hence,
Then, the result follows from (3.12) and (3.13).
(b) can be proved similarly. 
Proof. 
By substituting øZ = øη = øW in the above equation and using Lemma 3.25 and the fact that S(øX, øY )øη = 0, we get S(øX, øY )øZ = −S(øZ, øY )øX and S(øX, øY )øZ = −S(øX, øZ)øY.
From this, together with the identity S øX,øY,øZ S(øX, øY )øZ = 0, the v-curvature tensor S vanishes identically.
In view of the above theorem we have :
Theorem 3.31. If (M, L) is a P 2 -like Finsler manifold, then the v-curvature tensor S vanishes or the hv-curvature tensor P vanishes. In the later case, the h-covariant derivative of S vanishes.
Now, setting øW = øη into (3.10), we get (∇ γøY P )(øZ, øX) − (∇ γøX P )(øZ, øY ) − P (øZ, øX)øY + P (øZ, øY )øX− − P (T (øX, øZ), øY ) + P (T (øY, øZ), øX) = 0.
Hence, g((∇ γøY P )(øZ, øX), øW ) − g((∇ γøX P )(øZ, øY ), øW ) − P (øZ, øX, øY, øW )+ +P (øZ, øY, øX, øW ) − g( P (T (øX, øZ), øY ), øW ) + g( P (T (øY, øZ), øX), øW ) = 0.
From which, together with (3.14) and Definition 2.10, taking into account the relation (∇ γøY P )(øZ, øX) = (∇ γøY α o )T (øZ, øX) + α o (∇ γøY T )(øZ, øX), we obtain
Therefore, using Corollary 3.19,
It is to be observed that the left-hand side of the above equation is symmetric in the arguments øZ and øW while the right-hand side is skew-symmetric in the same arguments. Hence we have
ε(øY )T (øX, øZ, øW ) − ε(øX)T (øY, øZ, øW ) = 0, (3.16) where ε is the π-form defined by ε(øY ) := (∇ γøY α)(øη). Now, If ε = 0, it follows from (3.16) that there exists a scalar function Υ such that T (øX, øY, øZ) = Υ ε(øX)ε(øY )ε(øZ). Consequently, T (øX, øY ) = Υ ε(øX)ε(øY )øε, where g(øε, øX) := ε(øX). From which S(øX, øY, øZ, øW ) = g(T (øX, øW ), T (øY, øZ)) − g(T (øY, øW ), T (øX, øZ)) = Υ ε(øX)ε(øY )ε(øZ)ε(øW )g(øε, øε) − Υ ε(øX)ε(øY )ε(øZ)ε(øW )g(øε, øε) = 0.
On the other hand, if the v-curvature tensor S = 0, then it follows from (3.15) that ε = 0 and α(øη) = 0. Hence, α = 0 and the hv-curvature tensor P vanishes. In this case, it follows from the identity (3.10) that ∇ βøX S = 0.
Proof. As (M, L) is P 2 -like, then from (3.14), we have P (X, Y ) = α o T (X, Y ). Using Lemma 3.1, we get (∇ βøη T )(øX, øY ) = α 0 T (øX, øY ), from which, by taking the trace,
. Hence the result.
The next definition will be useful in the sequel. 
Deicke theorem [4] can be formulated globally as follows:
The following assertions are equivalent: Proof. For a C h -recurrent manifold, one can easily show that
From which, taking into account Lemma 3.35, we obtain Ψ(øX, øY )T (øZ, øW ) = T (R(øX, øY )øZ, øW ) + T (øZ, R(øX, øY )øW )− −R(øX, øY )T (øZ, øW ) + (∇ γ b R(øX,øY ) T )(øZ, øW ). Now, as (M, L) is h-isotropic of scalar k 0 , then the h-curvature tensor R has the form R(øX, øY )øZ = k 0 {g(øX, øZ)øY − g(øY, øZ)øX} ; (n ≥ 3).
From the above two equations, we get
(3.17) Setting øY = øη, noting that T is h(−1) and g(øη, øη) = L 2 , we get
From which, we have 
Taking the trace of both sides of the above equation, we get
Setting øZ = øC, taking into account the fact that (øX, øC) = C(øX), the above equation reduces to Now, we focus our attention to the interesting case (c) of the above theorem. In this case, the h-curvature tensor R = 0 and hence the (v)h-torsion tensor R = 0. Therefore, the equation (deduced from (3.9)) (∇ γøX R)(øY, øZ, øW ) + (∇ βøY P )(øZ, øX, øW ) − (∇ βøZ P )(øY, øX, øW )− −P (øZ, P (øY, øX)øη)øW + R(T (øX, øY ), øZ)øW − S(R(øY, øZ)øη, øX)øW + +P (øY, P (øZ, øX)øη)øW − R(T (øX, øZ), øY )øW = 0.
reduces to (∇ βøY P )(øZ, øX, øW ) − (∇ βøZ P )(øY, øX, øW )− −P (øZ, P (øY, øX))øW + P (øY, P (øZ, øX))øW = 0.
Setting øW = øη, we get (∇ βøY P )(øZ, øX) − (∇ βøZ P )(øY, øX) − P (øZ, P (øY, øX)) + P (øY, P (øZ, øX)) = 0.
h -recurrent, then, by Proposition 3.17, the (v)hv-torsion tensor P satisfies the relations (∇ βøZ P )(øX, øY ) = (K o λ o (øZ) + ∇ βøZ K o )T (øX, øY ) and P (øX, øY ) = λ o (øη)T (øX, øY ) = K o T (øX, øY ). From these, together with (3.22), we get
Hence, by Corollary 3.19,
As S(øY, øZ, øX, øW ) is skew-symmetric in the arguments øX and øW while the right-hand side is symmetric in the same arguments, we obtain Summing up, we have
(b) the h-curvature tensor R = 0 and the (v)h-torsion tensor R = 0, (c) the hv-curvature tensor P has the property that
By Definition 2.10 and Theorem 3.38, we immediately have :
Now, we define an operator P which aids us to investigate the R 3 -like manifolds. Definition 3.40.
(a) If ω is a π-tensor field of type (1,p), then P · ω is a π-tensor field of the same type defined by :
where φ is the vector π-form defined by (3.1).
(b) If ω is a π-tensor field of type (0,p), then P · ω is a π-tensor field of the same type defined by : (P · ω)(øX 1 , ..., øX p ) := ω(φ(øX 1 ), ..., φ(øX p )).
Remark 3.41. Since φ(φ(øX)) = φ(øX) for every øX ∈ X(π(M)) (Lemma 3.2), then the operator P is a projector (i.e. P · (P · ω) = P · ω).
Definition 3.42. A π-tensor field ω is said to be indicatory if it satisfies the condition : P · ω = ω.
The following result gives a characterization of the indicatory property for certain types of π-tensor fields :
Lemma 3.43. Proof.
(a) Let ω be a vector (2) π-form. By Definition 3.40(a) and taking into account (3.1), we get
25) Now, if ω(øX, øη) = 0 = ω(øη, øX) and g(ω(øX, øY ), øη) = 0, then (3.25) implies that (P · ω)(øX, øY ) = ω(øX, øY ) and hence ω is indicatory.
On the other hand, if ω is indicatory, then ω(øX, øY ) = φ(ω(φ(øX), φ(øY ))). From which, setting øX = øη (resp. øY = øη) and taking into account the fact that φ(øη) = 0 (Lemma 3.2), we get ω(øη, øY ) = 0 (resp. ω(øX, øη) = 0). From this, together with (P·ω)(øX, øY ) = ω(øX, øY ), Equation (3.25) 
The proof is similar to that of (a) and we omit it. (e) The π-tensor field P · ω for every π-tensor field ω. Now, we define the following π-tensor fields: Proof. The proof follows from Definitions 2.14 and 3.40(b), taking into account Equations (3.1) and (3.26) . In more details : 
Consequently,
is an R 3 -like manifold, then by Definition 2.14, we have
From which, using the fact that g(F o (øX), øY ) = F (øX, øY ) and that the Finsler metric g is non-degenerate, the result follows. Proof. Under the given assumption and taking into account Proposition 3.48(f), we have H(øX) = L 2 κφ(øX), with κ = t + c.
Thus, the considered manifold is of scalar curvature. Now, we prove that the given manifold is of p-scalar curvature. Applying the projection P on the h-curvature tensor R of an R 3 -like manifold, we get
then, by using again the given assumption (m o = t φ =⇒ m = t ), Equation Therefore, by taking R o = 2t, we have
Consequently, the given manifold is of p-scalar curvature. 
Appendix. Local formulae
For the sake of completeness, we present in this appendix a brief and concise survey of the local expressions of some important geometric objects and the local definitions of the special Finsler manifolds treated in the paper.
Let (U, (x i )) be a system of local coordinates on M and (π −1 (U), (x i , y i )) the associated system of local coordinates on T M. We use the following notations :
: the natural basis of the fiber over u in π −1 (T M) (ø∂ i is the lift of ∂ i at u).
To a Finsler manifold (M, L), we associate the geometric objects :
the angular metric tensor, G h : the components of the canonical spray, G
We define : γ
Then, we have :
The associated h-covariant (resp. v-covariant) derivative is denoted by (resp. |), where K hjk .
In the following, we give the local definitions of the special Finsler spaces treated in the paper. For each special Finsler space (M, L), we set its name, its defining property and a selected reference in which the local definition is located:
• Rimaniann manifold [22] : g ij (x, y) ≡ g ij (x) ⇐⇒ C ijk = 0 ⇐⇒ C i := C k ik = 0 (Deicke's theorem [4] ).
• Minkowaskian manifold [22] : g ij (x, y) ≡ g ij (y) ⇐⇒ C i jk|h = 0 and R h ijk = 0.
• Berwald manifold [22] • C h -recurrent manifold [13] : C hij|k = µ k C hij , where µ j is a covariant vector field.
• P * -Finsler manifold [7] : C • C v -recurrent manifold [13] :
• C 0 -recurrent manifold [13] :
• Semi-C-reducible manifold (dim M ≥ 3) [18] :
where µ and τ are scalar functions satisfying µ + τ = 1.
• C-reducible manifold (dim M ≥ 3) [15] :
• C 2 -like manifold (dim M ≥ 2) [17] :
• quasi-C-reducible manifold (dim M ≥ 3) [23] : C ijk = A ij C k + A jk C i + A ki C j , where A ij (x, y) is a symmetric tensor field satisfying A ij y i = 0.
• S 3 -like manifold (dim M ≥ 4) [6] : S lijk = S (n−1)(n−2) { ik lj − ij lk }, where S is the vertical scalar curvature.
• S 4 -like manifold (dim M ≥ 5) [6] : S lijk = lj F ik − lk F ij + ik F lj − ij F lk , where F ij := S ij }; S ij being the vertical Ricci tensor.
• S v -recurrent manifold [20] , [11] : S hijk | m = λ m S hijk , where λ j (x, y) is a covariant vector field.
• Second order S v -recurrent manifold [20] , [11] : S hijk | m | n = Θ mn S hijk , where Θ ij (x, y) is a covariant tensor field.
• Landsberg manifold [7] : P • General Landsberg manifold [10] : P r ijr y i = 0 ⇐⇒ C j|o = 0.
• P -symmetric manifold [19] : P hijk = P hikj .
• P 2 -like manifold (dim M ≥ 3) [14] : P hijk = α h C ijk − α i C hjk , where α k (x, y) is a covariant vector field.
• P -reducible manifold (dim M ≥ 3) [19] : P ijk = 1 n+1
( ij P k + jk P i + ki P j ), where P ijk = g hi P h jk .
• h-isotropic manifold (dim M ≥ 3) [13] : R hijk = k o {g hj g ik − g hk g ij },
for some scalar k o , where
hjk .
• Manifold of scalar curvature [21] : R ijkl y i y k = kL 2 jl , for some function k : T M −→ R .
• Manifold of constant curvature [21] : the function k in the above definition is constant.
• Manifold of perpendicular scalar (or of p-scalar ) curvature [8] , [9] : P · R hijk := l h m i n j r k R lmnr = R o { ik hj − ij hk }, where R o is a function called a perpendicular scalar curvature.
• Manifold of s-ps curvature [8] , [9] : (M, L) is both of scalar curvature and of p-scalar curvature.
• R 3 -like manifold (dim M ≥ 4) [8] : R hijk = g hj F ik − g hk F ij + g ik F hj − g ij F hk , where F ij := 
